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Damage Identification of Nonlinear Structural Systems

Lai-Ah Wong* and Jay-Chung Chen’
Hong Kong University of Science and Technology, Clear Water Bay, Kowloon, Hong Kong,
People’s Republic of China

The present investigation develops methods for the identification of highly localized structural damages in
nonlinear structures. The damage is defined as either a reduction of stiffness or a change of restoring force
characteristics from linear (undamaged state) to weak nonlinear (damaged state). One method for identifying
both the location and type of damages is the location vector method (LVM). The other method is for quantifying
the damage. The LVM requires only the modal data from the first few fundamental modes. The second method
is based on fast Fourier transform (FFT) and the least-squares method under the assumptions that the location
of the damages can be identified and their responses can be measured by testing. Without loss of generality, the
methods are illustrated by a five-degree-of-freedom Duffing’s nonlinear system. Measurement data are simulated
in the time domain and in the frequency domain by using the Runge-Kutta method and FFT, respectively. The
robustness and effectiveness of the methods are examined by using a simulated output time history contaminated
by a 5% white noise, which represents more realistic levels of measurement errors.

Nomenclature

A = unknown identification parameters vector

a, a, = unknown identification parameters

B = influence coefficients matrix of the input
forcing function

C = influence coefficients matrix of the output
displacement vector

K = equivalentlinear stiffness matrix in the
damage state of the structure

K, = stiffness matrix in the original state of the
structure

L(Y) = location vector

M, = mass matrix in the original state of the structure

P, = damping matrix in the original state of the
structure

U = amplitude vector of the input harmonic
excitation

u(t), y(t) = input harmonic excitation forcing function
and output displacementresponse vector

X;(Y) = mode shape vector of the damaged structure

x(t),x(t), X(t) =displacement, velocity, and acceleration
response vector

= nonlinear stiffness matrix

= variation sign

= identification coefficients matrix

= influence coefficient matrix of linear and
nonlinear terms of the restoring forces
of the damaged joints

= nonlinear operator

= harmonic excitation frequency

= natural frequency
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Introduction

T is important that structural integrity or structural health in-
formation are available or can be estimated at all times for de-
termining the reliability and safety of nonlinear structural systems.
However, the structural damages that affect the integrity and safety
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may not be obvious and are difficult to estimate by inspection. One
approach to assess the damages is by using the structural-system
identification techniques.

Structural system identification within the linear region has been
well developed. Many techniques have been proposed with vary-
ing degrees of success.! * These methodologies have also been ap-
plied to structural damage assessment in which structural element
stiffness reduction can be identified by examining their response
behaviors. However, the question of whether a structure is still lin-
ear after the damage remains. This is very important because the
dynamical behaviors of a nonlinear system can be quite different
from those of its associated linear system. If the restoring charac-
teristic of the local elements is changed from linear to Duffing’s
nonlinear (softening) because of material yielding in the structure,
the structure may change into an unstable state, and much larger
damage can occur when an externalloading reaches a critical value.
Also if the structural system becomes nonlinear after damage, its
dynamical characteristics cannot be estimated by using linear sys-
tem identification methods. In the mean time the identification for
damage can be more significant for the case of a weak nonlinear
structure than that of a strong nonlinear structure. The next question
is whether linear identification techniquescan be generalized for the
weak nonlinear structural systems at the initial state of damage.

The present study is an attempt at identifying the location, type,
and size of local damage in the weak nonlinear structures. The as-
sumption is made that 1) a structure is linear in undamaged state
and 2) the damage is defined either as a reduction of stiffness or
a change in restoring characteristic of the structures from linear to
weak nonlinear. Two methods have been developed: one is the loca-
tion vector method (LVM) to identify the location of local damaged
elements in the structures, and the other is to identify the type and
size of the damage.

The LVM is developedfor defining a location vector based on the
variation form of the equivalent linearization characteristic equa-
tion of a weak nonlinear structure. The natural frequency and mode
shape defined in this characteristicequation are the functions of the
structural parameters such as the inertia and stiffness properties.
The degree of nonlinearity in the structure is defined in such a way
that the linear characteristic will be realized when the nonlinearity
diminishes. This means that the eigenparameters (natural frequency
and normal mode) will change if the local structural parameters
change before and after the damage. Recognizing the eigenparame-
ters will be changingbecause of nonlinearitiesin the local elements,
the nonlinearity will be assumed to be very small, and the linear
identification method can be applied. The main advantage of LVM
is that it only needs to be measuring data of eigenparametersfor the
first few fundamental modes. This is an important aspect because
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Fig.1 Five-degree-of-freedom structural system.

only the first few natural frequencies and modes can be measured
for most real situation cases.’

The errors of LVM depend on both the measuring errors of the
lowest eigenparameters and the degree of the damage in the struc-
ture. In general, LVM is applicable when the relative measurement
error ¢ of the lowest natural frequency w1is less than one order of the
relative change (y =A w/ o) of the frequency before and after the
damage. For example, if y is O(107!), £ should be at least O(1072).
In general, the value of ¢ is about 10% (Ref. 5) so that y must be
larger than 10%. This means that the damage detection process can
be initiated when the changes of natural frequency are not small.

Quantifying the size of damage is also an inverse problem such
that it depends on available input/output data of the structural sys-
tems. The more input/output data are available, the easier is the
identification. However, for most of the real structures, not all out-
put data are available, which makes the identification of the size
of damage more difficult and complicated. But, after identification
of the location of damage is solved, the quantifying problem can
be simplified by directly measuring the responses of the damaged
elements for a giveninputexcitation. From the view of this simplifi-
cation, an estimation of the type and size of the damage is developed
based on the relationship of structural input/output data in the fre-
quency domain. The identification model is established by using
fast Fourier transform (FFT),® and the identification algorithm is
established by using the least-squares method (LSM).”

Without the loss of generality, the methods are illustrated by an-
alyzing a five-degree-of-freedom spring/mass Duffing’s nonlinear
system as shown in Fig. 1. Measurementis simulated in the time do-
main and frequency domain by using the Runge-Kutta method® and
FFT, respectively. The robustness and effectiveness of the methods
are examined by using simulated output time history contaminated
by white noise with strength about 5-10% (in respect to the ampli-
tude of response), which represents more realistic levels of model
and measurement errors.

Equivalent Natural Frequency and Mode Shape Vector

The assumptionis made that of an n-degree-of-freedomstructural
system is linear before the damage, and its governing differential
equation is represented as

M,X(t) + P,x(t) + K,x = Bu(t) (D

where x is a physical displacement vector and u is a m X1 vector
of harmonic excitation forces.
After the damage, it changes into

M, x(t) + P,x(t) + K,x(t) + AK, x(t) + Ty[y(t)] = Bu(t)

y(1) =Cx(1) 2)

where A K; is an n X n negative and symmetry matrix that denotes
the reduction of linear stiffness of the structural system before and
after the change. One can say that AK; is independent of the re-
sponses of the system according to linear dynamics theory and y is
a relative displacement vector of the nonlinear elements.

The undamped and homogeneous equation (2) can be written as

M, %(t) + K,x(t) + AK x(t) + Ty[y(r)] =0
y(t) =Cx(1) 3)
For Eq. (3) one can write a particular solution in explicit form:

x(1) = X', y(t) =Ye! 4

where X is the amplitude of the displacement vector and Y is the
amplitude of the relative displacement vector of nonlinearelements;
o is the frequency of the periodic in solution.

The assumption is made that the nonlinear function vector in
Eq. (3) can be expanded into a Fourier series, i.e.,

wly(D] = p(Ye™) =¥ + - = (V)Y + - (5)

where W(Y) is the first-term Fourier coefficient vector and W(Y) =

n(Y)Y.
By substituting Eqs. (4) and (5) into Eq. (3), one obtains

[K, + AK, + AR (Y) — @M, ]X =0 (6a)

where AKyp (Y) =I'n(Y)C is defined as an n Xn negative and
symmetry matrix so that its physical significance is an equivalent
linearization stiffness matrix of nonlinear term in Eq. (3). It is de-
pendent on the amplitudes of responses of the nonlinear elements.
Equation (6a) can be rewritten as

[Keg(Y) — *(Y)M,]X(Y) =0 (6b)

where Kq(Y) =Ko+ AK; + AKy .(Y) =K, + AK is called the
equivalentlinearization stiffness matrix of the nonlinear structures;
and AK is the negative (or zero) variation matrix of the stiffness
beforeand after the change. A K =0 means that no stiffnessdamage
appears in the structure,i.e., Lima g — ¢ Koqg =K.

Similar to a linear eigenvalue problem definition, here Eq. (6b)
can be defined as the equivalent linearization eigenvalue equation
of the weak nonlinear structural systems. When the nonlinearity
of the structures is vanished, i.e., A Ky, is equal to zero, Eq. (6b)
will become an eigenvalueequation of the linear structural systems.
Equation (6b) is a homogeneous algebra equation with n pairs of
the eigensolutions that are called the eigenvalues and eigenvectors.
Let 2;(Y) and ¢;(Y) denote the jth eigenvalue and eigenvector of
Eq. (6b); respectively, one has

/lj(Y)za)?(Y), ¢;(Y) =X ,(Y), j=12...,n

(N
where w;(Y) and X;(Y) are defined as the jth equivalent natu-
ral frequency and mode shape vector of the weak nonlinear sys-
tem, respectively. According to the nonlinear dynamical theory,’ !
the main characteristics of equivalent natural frequency and natural
mode are that 1) they are functions of the amplitude of responses of
the nonlinearelements and the linear characteristicscan be realized
when the nonlinearity diminishes, as shown in Fig. 2, i.e.,

Lim  [w;(Y)] =", Lim [X;(")] =x'"
0 0

I'— 0,or,Y — I'— 0,or,Y —
j=123....,n 8

where a)i.L)and X ;L) denote the jth-order natural frequency and the
mode shape vector of the associatedlinear systems; 2) the resonance
will occur, as the externalharmonicexcitationfrequencyapproaches
one of the equivalent natural frequencies, and the resonance peaks
of response in the frequency domain will appear at the equivalent
natural frequencies such that the equivalentnatural frequenciesand
mode shape vectors can be determined by the locations and mag-
nitudes of these peaks as shown in Fig. 3; 3) the magnitudes of the
components in the equivalent mode vector are not unique, but the
ratio values between each other are unique; 4) the equivalentnatural
frequencies and modes will satisfy the equation

AI;(lglO 0;(Y) =y, AI;(lglO X;(Y) =Xy 9
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Fig.3 Relationship of the output amplitude vs excitation frequency.

where o, and X, denote the jth-order original designing nat-
ural frequency and the mode shape vector of the structure. Let
Aw;j(Y) =w;(Y) — o, and AX;(Y) =X,;(Y)— X, denote, re-
spectively, the variations of the jth-order natural frequency and
the mode shape vector before and after the change, then Eq. (9) can
rewritten as

AI;}ITOACO/(Y) =AI;<1510 ®;(Y) — w,;; =0
Lim AX;(Y) = Lim X;(Y) - X,; =0 (10)
AK—0 AK—0

This means that the greater damage that is made, then the larger
the variation of natural frequencies and mode shape vectors. The
damage defined in this case will reduce the natural frequency with
respect to their original design value, and, in general, the reduction
in the first mode (lowest) natural frequency is the largest.

From the view of theoretical analysis, the response in the fre-
quency domain can be obtained by taking FFT to the time history
data such that all orders of @;(Y) and X;(Y) should be determined
by using their properties in the frequency domain. However, for a
real situation of damage identification, only the first few eigenpa-
rameters can be available by testing. The size of the test-analysis
model is typically much smaller than thatof the finite elementmodel
in degrees of freedom. To provide compatibility in size between
the test and analysis mode shapes, either the test mode shapes are
expanded'? based on the mode shapes of the structures before dam-
age, or the system matrices are reduced.”* These expanding mode
techniques developed for the linear system can be generalized into
identification of damage induced because of weak nonlinearity. The

reasonis because the larger changes (caused by nonlinearity) appear
only in the first several components in lower-order modes.

Identification of the Location of Damage

Assuming the jth-equivalent natural frequency and mode shape
vectorin Eq. (6a) are given by measuring and expandingtechniques,
Eq. (6) can be written as

[AK, + AK\ (V)X (V) =[—K, + 0}(Y)M,]X;(Y)

j=12,... (11)
A new vector L is introduced, defined as

LYy =[AK, + AKxi(V)]X,(Y) = AK(Y)X(Y)

j=L2... (12

where L ;(Y) is called the jth-order location vector.
Substituting Eq. (12) into Eq. (11), one obtains

L,(Y)=[-K,+ wﬁ(Y)M{,]X,(Y) (13)

One can see that 1) the L;(Y) can be determined according to
Eq. (13) if the jth equivalent natural frequency and mode shape
vector are available by modal testing; 2) if variation of the stiff-
ness matrix AK(Y) =0, then L;(Y) =0 forall j =1,2...,n;3)
if there exists at least a location vector, e.g., j =1, which satisfies
L,(Y) /A0, then one can determine AK(Y) ~0, which means that
the stiffnesshas been changed from its original form; and 4) location
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Fig.4 Structures with damaged joints.

vectors are the functions of the amplitudes of responses only if the
structure is nonlinear.

Ak —Ak

81 81

Ak,
LYY) =

symmetry

The location of the damage can be found by examining the dis-
tribution of the components in the first several nonzero location
vectors given. For example, the simplest case is only one damaged
joint with two differentconnecting forms in the structuresas cases a
and b shown in Figs. 4a and 4b, respectively, will be considered. At
the same time, letting Ak denote the reduction of the stiffness of this
joint,then one can atleast find a nonzerolocation vectorbetween the
firsttwo modes. For case a, because the damaged jointis between the
node g and node p, the nonzerolocation vector can be expressedas

Xy ]
L@(y)=<Ak,,,,(Y) —Ak,,q(Y)> ij.(Y) ={£pj(y)}<“>
! —Ak,,(Y) Ak, (Y) £,,(Y)
X (Y)

j=1lor2 (14)

where Ak,,(Y) =Ak,,(Y) =—Ak,, =—Ak,, =Ak; X;; denotes
the ith component of the jth mode shape vector and i is from
1to n; £;,i =p, q denotes the pth and gth components of the
Jjth location vector, which are corresponding to the nonzero vari-
ation value in the pth raw and gth row in the variation matrix of
the stiffness, respectively. On one hand, they satisfy nonzero con-
ditions, i.e., £} (Y) =Ak(Y)[X,;(¥) = X ;(Y)] == £7(Y) %0,
but the rest of the components in the jth location vector are
equal to zero. But on the other hand, their magnitudes can be
determined by Eq. (13). Therefore, one can identify that the lo-
cation of damage is between the node ¢ and node p accord-
ing to the distribution of nonzero components in the location
vector. For case b the damaged joint is between node p and
a fixed boundary so that the location vector can be expressed
as

_86,) 2| mE X (0| + X, [[e2(rym - k]

X,;N)?
(b) ij(Y) b
L7(Y) =[Ak,,(Y)] ={£,;()}? (15)
X,;(Y)

where 6;1.)(1/) =Ak(Y)X;};.) £0, but the rest of the components are
zero in the location vector. Similar to case a, one can identify the
location of damage between node p and the boundary node.

For a system with multidamaged joints, the location vector of the
system can be obtained by superposing a series of location vectors
of single damaged joint. For example, the assumption is made that
there are two groups of the adjoining damaged joints in the struc-
ture as shown in Fig. 4c. The damaged joints are from g, to g,
in the first group, and the damaged joints are from 4, to &, in the
second group. The location vector of the system can be written as

: = (16)
_Akhl Xh[ Ehl
Akhq th th .
- J
J
where £ £€ . £0 for i =gi,..., ¢, and i =hy, ..., h,, but

£, =0 for otherwise. From the location vector one can identify the
damagelocationsbetweenjoints g, to g, and betweenjoints, to .

For a nonlinear damaged joint the corresponding components in
the location vector are dependenton the amplitude of the responses;
therefore, it can be identified by examining the location vector for
different input excitations.

Estimation of Error for LVM

LVMs are developedbased on the measurementdata of the equiv-
alent eigenparameters; therefore, its estimation accuracy is depen-
denton the accuracy of the measurements. Accordingto the variation
form of the Eq. (13), the maximum absolute error of the location
vector can be written as

36,(Y) =2 Y o,(V)mis X, (V)| o, + |l (V)mi* — k| X,
s=1 s =1

ij=12...n (17)

where 8¢, ;(Y) denotes the maximum absolute error of the ith com-
ponentofthe jthlocationvector, 5w; denotesthe maximum absolute
error of the jth equivalent natural frequency, and 6X;; denotes the
maximum absolute error of the ith componentsof the jth equivalent
natural mode shape vector. The first term and the second term on the
right-hand side of Eq. (17) denote the contributionsto the absolute
estimationerror of the ith componentof the jth location vector from
the maximum absoluteerrorsof the jth equivalentnatural frequency
and mode shape vector, respectively. Let gij) denote the relative es-
timation error of the ith componentin the jth location vector, 85;()
denote the measuring relative error of the ith componentin the jth
equivalentnormal mode shape, and S;M) denote the measuring rela-
tive error of the jth equivalentnatural frequency, then, accordingto
Eqgs. (13) and (17), the relationship between them can be written as

X (Dla,)’ _ &

(L)
gl (y) = =

£,(Y) (> [k + @ (Nms X (7))

mj <= gj.f(n;ax, 4;(Y) £0 (18)
J
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where 0< 7,(Y) =|Aw(Y)|/ 05 < 1 and Awyj(Y) =0;(Y) — 0y
denote the relative change ratio and the absolute change value, re-
spectively, of the jth natural frequency of the system before and
after the damage and o,; denotes the jth natural frequenc%/ of the
system before the damage, &0 = max{gix), 8;}{), R g 1
J,max J J nj

Equation (18) shows that relative estimation error of the location
vector is proportional to the measuring relative errors of the natural
frequencies and mode shape vectors but inverse proportional to the
relative change ratio of the system before and after the damage.
This means that the error of identifying the location is smaller if
the degree of the damage in the structural systems is larger for the
certain measuring errors of the natural frequency and mode shapes.
This method can be available if 85.“’) < y;(Y) for areal situation.

Identification of the Type and Size of the Damage

After finishing the identification of the location of the damage,
it is simpler to identify the type and size of the damage. One can
measure the outputresponsesof the damagedjointsin the structures
for given input excitations by dynamic testing techniques. When
these input/outputdata are obtained, it is possible to identify the size
and type of the damage. In this section the identification method is
developed based on such an assumption that the input data of the
structuresand the outputdataofthe damagedjoints can be measured.

The assumption is made that there are S damaged joints with 2.5
unknown parameters, and the restoring force in each damaged joints
can be expressed as follows:

f&' =k&yx_axy? =k{)x[l_alx_alﬁ‘yz]ym s = la 2a ceey S

(19)
where y denotes the output of relative displacementof the sth dam-
aged joint; k,, and k; denote the linear stiffness of the sth dam-
aged joint before and after the damage, respectively; o, denotes
the nonlinear stiffness of the sth damaged joint after the damage;
a, =(k,s —k)/ k,s denotes the reduction ratio of the linear stiff-
ness of the sth damaged joint before and after the damage and
a,, =0/ k,, denotes the ratio of the degree of nonlinearity in re-
spect to the original linear stiffness of the sth damaged joint. At
the same time, the assumption is made that system input is a har-
monic excitation, then the governing equation (2) of the undamped
structures can be rewritten as

M, i(t) + K,x(1) + W{A[a,y,(1),s =1,..., 5]
+ Az[azj.yj(t), s=1,..., S]} = BUe*
y(t) =Cx(1) (20)

where the third and fourth terms are, respectively, equivalent to the
third and fourth terms in Eq. (2); ¥ is an n X S influence coefficient
matrix of the linear term and nonlinearterm of the restoring forces of
the damaged joints; y is the output vector of the S nonlinear joints;
and A, and A, are two S X 1 vectors with unknown parameters, i.e.,
A =[011YI Tt ales]T and A, =[021y13 Tt ast§JT~

Using FFT in Eq. (18) for the ¢th group of sample record data,
one obtains

[Ko - 'Qz(]’ q)Mo]X(]’ L]) + \Y{Al[alA&'YS(ja q)’ s = 1’ ] S]

+ Ajlay, H,(j, @), s =1,..., 81} =BU(j, q)

Y(j,q) =CX(j,q), g=12..,0
2D

ji=12...,1

D =[D; D Dip Dy Pp

where

Q(j.q) =

Y(j,9) ="(.9) Y. 9)
— FFT{y(")(t)}

Y,(j, 0l =Y ()

X(j,q) =X9(Q;) =FFT{x“ (1)}
H(j,q) = H9(Q;) =FFT{[y*(H]*}
U(j.q) =U"(Q;) =FFT{u'" (1)}

J is the number of the discrete data of FFT, and Q is the number
of groups of the sample record data. Rewriting Eq. (21) by taking
away X (£2;), one obtains

Y(j,q) =C[K, — @(j,¢)M] 'BU(j, 9)
- C[K, - @G, pM] (A la, Y (j.q).s =1, ..., 5]
+ Aylay, H(j,q),s =1,...,S]} 22)

Substituting [K, — Q*(j)M]™! =adj[K, — *(j)M,]/det[K, —
Q*(j)M,] into Eq. (22), the equation can be rewritten as

O3, {AlaL Y (j,q),s =1,..., S1+ Ay]ayHy(J, q),
s=1,....8} =D, U, q) — p(J. DY (. q)
¢g=1,2,...,0, j=12..,7] (23

where ®©(j,q) =CE(j,q)¥ is an S XS matrix; E(j,q) =
adj[K, — Q(j,q)M,]; D(j,q) =CE(j,q)B is an S Xm matrix
and p(j, q) =det[K, — *(j, q)M,] is a polynomial function of
Q(J, q). Equation (23) is an S X J X Q linear associated algebra
equation with 2 X S unknown parameters; therefore, the equation
can be solved approximately by the LSM.

Optimum Identification
In general, most output data Y (j, g) are contaminated by noise;
however, the response data in the resonance region have better
signal-to-noise ratio for a real situation. Therefore, the excitation
frequency €2(j) is chosen to equal to the natural frequencies m, (k)
of the original state (before the damage) of the structure, i.e.,
QD) =w,(k), k =1,2,...,n, then Eq. (23) is changed into

O(jk, DA lar, Y, @), s =1,..., S1+ Aslao, H, (i, 9),
s=1,..., 81} = D(jr, DU (> @)
g=12,..,0, e} (24)

According to the definition of vectors A; and A,, Eq. (24) can be
rewritten as

J € U Jos o -

S m
> 0 Dl Y, G )+ s HyGo )1 =Y di G ) Ui Gk )

s=1 i=1

I =1,2,...,8, q=1,2,...,0, Jju€{ji,Jasevsjn}
0, €0, d;, €D (25
Equation (25) can be expandedinto an N X2 matrix as
DA =G (26)

where ® isan N (=n.Q.S) X285 coefficient matrix given by output
data and it can be expressed as

Dyg o Dy Dy o Dol

011 (i DY10iks @) 02k Y20k, @) -+ OisCi: O Ys(Uks @) 011G, D H1 (ks @) 612G, ) Ha G, @) - -+ O1s(iks ) Hs (i, @)

Dy =

051> D Y10 @) 0520, Y2 U» @) -+ Oss (ks D YsUi @) 051k O HLUis @) 02k, D Ha (G, @) ==+ Oss (ks ) Y1 ks @)

k=12,....,n, q¢q=12,...,0
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Fig. 5 Numerical simulation identification procedure.

A is a vector with 2§ unknown parameters, i.e., A =[a;; ap,

a;s ay axn - dass] and G is a N X1 vector given by input

Figure 5 shows the numerical simulation procedure in the illus-
tration examples. In simulation procedure the output time history

measuring data, i.e., G =[Gy Gy, -+ Gyg - G, G data are obtained by using the fourth-order Runge-Kutta method
G,o]" and and by taking time step df =0.02(s). The light damp effect is
1 1 1 r
Gy = [Zd”(jk,qwi(jk,q) > diCes OUiGio @)+ ZdSi(jk,q>Ui(jk,q>}
i=1 i=1 i=1

By using the LSM to solve Eq. (26), the unknown vector A can be
estimated, i.e.,

A =@To) 0!G 27

To prevent the ill conditions appearing in Eq. (27), the following
two conditionsshould be satisfied: 1) N > 2S; and 2) all row vectors
in the matrix @ should be linearly independent of each other, and
the linear correlation row vectors should be taken away from the
matrix ®.

Ilustrative Examples

Two examples will be discussed in this section to illustrate the
identification of the location, type, and size of the damage in the
structure. A five-degree-of-freedomnonlinear structure, as shown
in Fig. 1, will be consideredin these two examples, while assuming
that 1) an input harmonic excitationu(t) = U cos Qf acts on node 5
and 2) the original mass and stiffness matrices (undamaged) of the
structure are, respectively,

L=k -1 2 -1 (28)

where m =1 and k =1 are given structural parameters with dimen-
sions.

added in the simulation system to obtain the steady response under
the given harmonic excitation. The response data from the fre-
quency domain are obtained by making a FFT to the time his-
tory data in which the sample step is Az, =1(s) and the sam-
ple number is Ny =1024-2048. The white noise data that are
generated by the white noise generator in the MATLAB® and
the response contaminated by white noise are shown in Figs. 6a
and 6c¢, respectively, in the simulation examples. The ratio of
the variances of the white noise and the responses with noise
is r= cr\fhilc,noisclcr(fmpm ~ 1.0498/13.7535-1.0498/8.8931 =7-
11%.

Example 1: This identifies the location of the damaged joints.
The assumptions are made that 1) joints 1 and 4 are the dam-
aged elements and 2) their restoring forces satisfy, respectively,
fin) =k[(1 —ay)y — azlY?], Ja(y2) =k(1 —ay)y,, where a,
and a;, denote the reduction ratios of the linear stiffness and non-
linear stiffness of the first damaged joint 1, respectively, and a;,
denotes the reduction ratio of the second damaged joint 4 in the
structure; y; =x;, ¥, =x4 — X3, and x;, i =1,2,...,5 denote the
responses of the correspondingnodes in the structure.

Tables 1-4 show the information of the structural parameter, sim-
ulation input/output data of the first equivalent natural frequency
and mode shape, estimation location vectors, and their estimation
errors for two different cases. Figures 7a and 7b show the distri-
bution of the components in the location vectors corresponding to
two cases, respectively. One can find that joint 1 is damaged in the
case 1 by £, A0 in Fig. 7a and the damaged joints are joints 1
and 4 in case 2 by 4, ~0 and &, =—4,, ~0 in Fig. 7b. These
estimation results are coordinated with the assumption cases in
Table 1.

Example 2: This illustrates the identification of the type and size
of the damage by applying Eq. (27). The assumptions are made that
1) the damaged case is similar to the case 1 of example 1, and the
unknown parameters are a;; and a; defined in example 1 and 2)
a harmonic excitation with frequency Q =w,, =1 (rad/s) acts on
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Table1 Input/outputinformation and location results in example 1:
parameter values given

Table 4 Input/outputinformation and location results in example 1:
relative errors estimation

Case m k [ ap apn any U Q Case 7y, % 85“’), % six), % aﬁ) % a%) a%) % sﬁ), % ag?
a 1 1 0.5176 0.3 0 0.01 1 0.45 a ~13 <5 <10 <6 e — e —

1 0.4898 b ~5 <25 <10 <6 — <30 <30 —
b 1 1 0.5176 0.2 0.25 0.01 0.5 0.4962 <6 — <30 <30 —

Table 2 Input/output information and location results in example 1:
simulation of the first equivalent natural frequency and mode shape

Case o1 (Y) Xn X1 X3 X4 Xs1
a 0.45 0.4225 0.5343 0.5384 0.4336 0.2411
b 0.4898 0.3508 0.5240 0.5728 0.4554 0.2586

0.4962 0.3375 0.5203 0.5762 0.4625 0.2637

Table 3 Input/outputinformation and location results in example 1:

Table 5 Simulation of input/output data in example 2

location vectors
Case 111 121 131 l41 151
a -0.2252 0.0006 0.0001 0.0001 0.0001
b —0.09364 0.0013 -0.0226 0.0298 0.0003

—0.07150 0.0011 —0.0276 0.0288 0.0001

While Notwe (mean=0., varance=1.0454)

4 T T T T T T T T

ampliludalm)

4 L . L . . L L L
400 470 420 430 440 450 480 470 480 490 500

{ima(s)

Fig.6a White noise added into the responses in simulation experiment.

Displacameant Response withoul Noza

& T T T T T T T T T

]

armplilude(m)
(=] n E

o

b

1 1 1 1 1 1 1 Il 1
0 410 430 430 440 450 480 470 480 480 00
fima(s)

ah

Fig. 6b Response forms before adding white noise.

Dieplaceman Razpomse adding Nosa (mean=00351, varanoe=13.7535)
10 T T T T T T T T T

armp liude{rm)
=]

10 . N L . . L N .
400 410 420 430 40 460 480 470 480 490 500
{ima(s)

Fig. 6¢c Response forms after adding white noise.

Sample number Input harmonic FFT data of
(j, q) excitation outputresponse
J q Q(j,q),rad/s  U(j,q),m Y(j,q) H(j,q)
1 1 1 0.5 4.05908  49.8869
1 2 1 0.75 4.66114  75.4038
1 3 1 1 5.13837  100.859
Table 6 Estimation results of unknown
parameters in example 2

Estimated Exacted Estimated

parameters value value Error

ap 0.0 0.0035 0.0035

az) 0.01 0.0097 —0.0003

node 5. Under these assumptions, whereas M, and K, are defined
in Eq. (28), the other matrices in Eq. (22) can be expressed as

1
0
0

Y = s Ay ={an Hi (1, q)}
i
0

Ay ={anYi(1,9)},

0) 17’
o o]
B=Jot, c=lo|l, e=[0,1=0]
L
1 0
D =[d,] =I1] (29)

Therefore, for three different groups of the sample record data with
respect to different amplitudes of the input excitation, as shown in
Table 5, Eq. (28) can be written as

®A =G (30)

6,Y,(1,1) 6, H(1,1) 4.05908 49.8869
®=|6,Y(1,2) 6,H(1,2)| =|4.66114 754038
6,Y,(1,3) 6, H(1,3) 5.13837 100.859

din U 0.5 -
~ ~ a
G =|dwu@ | =4075}, A={~“}
a
dnU(3) 1. 2

Substituting these data into Eq. (29), the unknown parameters can
be estimated. The estimated results are shown in Table 6. The es-
timation errors are also shown in this table. One can find that the
estimationresultsare goodif thenoiseis absent. The case for the out-
putcontaminatedby white noise (mean value =0, and variance =1)
is investigated. The ratio between the variances of white noise and
the output response is 7-11%. Table 7 shows the simulation output
data contaminated with white noise and the corresponding estima-
tionresults. Figure 8 shows the comparisonof the estimationresults.
From Table 7 and Fig. 8 one can find that the estimation results are
quite satisfactory even for the case of white noise contaminated. In
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Table 7 Simulated experimental input/output data contaminated with white noise (0,1)

U(1,1)=0.5 U(1,2)=0.75 U(1,3)=0.5

Q,1)=1 Q(1,2)=1 Q(1,3)=1 Estimated values Absolute errors
Number Y(1,1) H(1,1) Y(1,2) H(1,2) Y(1,3) H(1,3) an az £11 &1
1 4.0576 50.1036 4.6728 76.5232 101.8654 0.0046 0.0096 5%x1073 —4 %1074
2 4.0192 48.6945 4.6315 74.5120 101.699 0.0144 0.0091 1 x1072 —-9x1074
3 4.0607 50.2185 4.6537 75.5886 101.667 0.0153 0.0088 1 x1072 —-1%x1073
4 4.0663 50.4265 4.6592 75.8569 102.0796 0.0044 0.0096 4x1073 —4 %1074
5 4.0342 492418 4.6745 75.6276 102.4790 0.0127 0.0091 1 x1072 —-9x1074
6 4.0117 48.4224 4.6758 76.6706 100.7813 0.0104 0.0093 1 x1072 —-7%x1074
7 4.1096 52.0546 4.6889 77.3169 102.5267 —0.0052 0.0100 5x1073 4 %1073
8 4.0586 50.1406 4.6601 75.9009 102.3298 0.0069 0.0094 7 %1073 6x107*
Mean value 4.0522 499128 4.6646 75.9996 102.3035 0.0079 0.0094 8 x1073 6x107*
Variance 8.e—4 1.1486 3x1074 0.6262 3x1074 1.074 4 %1073 1x1077 4 %1073 1x1077
Exacted value 4.0591 49.8869 4.6611 75.4038 5.13837 100.859 0.0 0.01 S —

- . . it i ve t RIEIRES T )
2 3 4 8

ENo adding error case
B Adding error case

Node Number = Element Number in Locatio Vector

Fig.7a Distributions of the components in the location vector for case a in example 1.

1, No adding errorcase HU=1
0.5, No adding error case [@U = 0.5, Adding error case

, Adding error case
5

Node Number = Element Number in Location Vector

Fig.7b Distributions of the components in the location vector for case b in example 1.

0.05
0.03 ] ——Estimated Value —8—Mean Value —%& Exacted Value

- 001 -

3 & % 2 & At \Q,/g
AT 4 2 3 4 5 6 7 8
-0.03 §

-0.05
Sample Number
0.012
0011 e e e
0.008 -

& 0006
0.004 —®—Estimated Value —#—Mean Value ~—2— Exacted Value
0.002 1

0 - -
1 2 3 4 5 6 7 8

Sample Number

Fig.8 Comparison of the estimation results vs a different series of the
white noise in example 2.

this example for linear stiffness parametera;, (exacted value =0.0),
its absolute erroris less than 1%, and for nonlinear stiffness parame-
ter a,, (exacted value =0.01) its absolute error and its relative error
are less than 1.0 X 10™* and 1.0%, respectively.

Conclusion

A new methodologyhas been developed for identifying the loca-
tion, type, and size of the damage in the weak nonlinear structures.
It can be applied to the structures with multiple linearly or non-
linearly damaged joints and multi-input/multi-output systems. The
LVM method is simple, easy, and realizable, and the estimation
method for the type and size can be applicable to cases of output
with white noise.
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